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umerical simulation of light backscattering by
pheres with off-center inclusion. Application to
he lidar case

adim Griaznov, Igor Veselovskii, Paolo Di Girolamo,
elay Demoz, and David N. Whiteman

A Mie backscattering model for spherical particles with off-center inclusion has been developed and
tested. The program is capable of dealing with size parameter values up to �1000, thus allowing one
to simulate the optical behavior of a large variety of atmospheric aerosols, as well as cloud and precip-
itation particles. On the basis of this model, we simulated the optical properties of polydisperse com-
posite atmospheric particles as observed by ground-based and airborne lidar systems. We have
characterized optical properties in terms of host and inclusion radii, considering water particles with
different composition inclusions. The performed modeling provides some insight into the so-called lidar
bright- and dark-band phenomenon. © 2004 Optical Society of America

OCIS codes: 010.1310, 010.3640, 280.1310, 290.4020.
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. Introduction

etermination of the microphysical properties of at-
ospheric aerosols from optical remote-sensed data

s often done with the use of complex scattering mod-
ls. The Mie theory provides rigorous solutions for
ight scattering by isotropic spheres embedded in a
omogeneous medium.1 Extensions of Mie theory

nclude solutions for core–shell spheres and gradient-
ndex spheres. Although these theories are re-
tricted to the case of perfect spheres, the results
ave provided insight into the scattering and absorp-
ion properties for a wide variety of atmospheric par-
icles, including nonspherical particles. The
athematics of Mie theory is straightforward but

edious, requiring the computation of a potentially
arge number of series expansions, which makes the
omputations for big particles extremely time con-
uming. Alternatively, the application of Monte
arlo ray-tracing models based on geometrical-optics
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ethods allows one to consider particles with irreg-
lar shape and with a variety of inclusions. How-
ver, this approach may fail for large sizes because of
ts inability to treat circumferentially backscattered
urface waves2 and its inability to properly reproduce
esonance phenomena. Additionally, the concepts of
eometrical optics do not adequately describe the in-
eractions of particles with light when the particle
ize is comparable with the wavelength of the light.
he transformation of aerosols into cloud particles
nd hydrometeors involves a number of different
hysical processes, which permit particles to grow
rom the sizes of cloud condensation nuclei �typically
.1 �m� to sizes in excess of 1000 �m. UV- and
isible-wavelength-based study of the microphysical
rocesses involved in the formation of clouds and
recipitations requires scattering codes that allow
ne to deal with size parameter values in excess of
0003 and are capable of considering the combined
articles consisting of host and inclusion.
One of the topics actively studied at present with

he use of radars and lidars is the change in scatter-
ng properties of melting hydrometeors. Such
hanges take place during the snowflake-to-raindrop
ransition in the proximity of the freezing level, lead-
ng to a minimum in particle backscatter at optical
avelengths4 �Sassen and Chen�. Although not
uite exact, melting hydrometeors are frequently
odeled as a two-layered particle, consisting of a
ater shell about an inner core of snow or ice.5–9 An
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pproximation for such a two-layered particle may be
epresented by the eccentric spheres model10: The
ore can float to the top of the water drop because of
ntrapped air bubbles. The first attempt to simu-
ate the melting of ice particles with the use of Mie
ode for eccentric spheres and apply it to the dark-
nd bright-band phenomenon was made by Di Giro-
amo et al.3 The authors used the scattering code
eveloped by Mackowski,11 which could perform cal-
ulations for monodisperse particles with size param-
ters as large as x � 100. The obtained results
emonstrate the importance of eccentric model im-
lementation, but the huge computation time did not
llow consideration of the polydisperse aerosol of suf-
cient size to make final conclusions about the
hanges of scattering properties that may occur in
eal atmosphere.

In the present paper we first describe the develop-
ent of an eccentric model capable of handling size

arameter values as large as 1000. On the basis of
igorous Mie theory, the model allows simulation of
he backscattering properties of two-phase aerosol
articles in the form of eccentric spheres. We have
pplied the model here to study the changes in scat-
ering properties of melting ice spheres, getting some
nsight into the so-called lidar bright- and dark-band
henomenon. This subject will be discussed in Sec-
ion 4.

The structure of the paper is as follows: Section 2
escribes the mathematics implemented in the
odel, Section 3 describes the simulations per-

ormed, and Section 4 is dedicated to the discussion of
he results.

. General Expressions

ight scattering by spheres with nonconcentric
pherical inclusions has been considered in
ublications.10–15 All these algorithms are based on
recurrence approach to calculate the scalar and

ector coefficients for translation of vector spherical
armonics from one coordinate system, adjusted to
he center of the inclusion, to another, adjusted to the
ost particle center. Though the expressions de-
ived in Refs. 11 and 15 allow one to make the cal-
ulation at any scattering angle for an arbitrary
osition of the inclusion inside the host sphere, the
omputation time increases fast with increase in the
article radius. Existing computer codes can be
sed only for spheres with size parameters x � 100
size parameter for a host sphere with radius a1 is x �
�a1���, whereas realistic modeling of clouds by lidar
equires consideration of particles with x � 1000.

To simplify the formulas and thus decrease the
omputation time, we make the following caveats in
he algorithm presented here.

• We consider only light backscattering—the rel-
vant measure in lidar measurements.

• We limit the movement of the inclusion to be
long the axis of the direction of incident light prop-
gation. Such simplification should be reasonable;
or example, in the case of an ice nuclear floating in a
ater droplet, we assume only vertical lidar mea-
urements.

he geometry of scattering, together with the descrip-
ion of the main symbols, is presented in Fig. 1. Be-
ause we are considering backscattered light only,
he expressions presented in Refs. 11 and 15 will be
implified essentially. First, the incident wave may
e expanded as15

Einc,1 ��
n�1

	

�
m�
n

n

�anmMnm
�1� � bnmNnm

�1� �, (1)

here Mn,m
� j� �r� and Nn,m

� j� �r� are vector spherical har-
onics described in detail in Ref. 15 and the subscript
corresponds to the upward direction of incident

ight. The incident wave propagates along the OZ
xis; therefore it does not contain terms with index
 �1. As a result, the scattered field

Esca,1 ��
n�0

	

�
m�
n

n

�cnmMnm
�3� � dnmNnm

�3� � (2)

oes not contain these terms. Second, the values of
ultipole coefficients cnm, dnm for indices m � 
1
ay be expressed through the corresponding coeffi-

ients at m � 1 as pointed out below. Therefore it is
ufficient to solve the system of equations15 only once,
or m � 1. In the subsequent text all the formulas
re derived from the corresponding equations given
n Ref. 11, except that the spherical Bessel functions
re replaced by Riccati–Bessel functions and Leg-
ndre functions Pn

m�cos �� are not normalized and
ontain multiplier �
1�m according to Ref. 16.

The first step in the calculations is finding all sca-
ar translation coefficients C0,n

0,0 for indices from n � 0
o n � nmax by use of the relation

k r C0,0 � �2n � 1�� �k r �, r � r , (3)

Fig. 1. Geometry of scattering.
1 lj 0,n n 1 lj j lj

10 October 2004 � Vol. 43, No. 29 � APPLIED OPTICS 5513



f
k
d
a
fi

h
f
s

A
1

r

c

A
a
b

F
i

U
c
o
a

F

F
c
w

F
m

T
�

w
u
n

F
t
�
�

a

T
s
j

5

or downward translation �angle �lj � 180°�. Here
1 is the wave number in the host particle, rlj is the
istance between the host and the inclusion centers,
nd �n�k1rlj� denotes Riccati–Bessel functions of the
rst kind.
If the inclusion is placed below the center of the

ost particle, the translation is performed upward
rom the system l to j and �lj � 0°. In this case we
hould use the relation

k1 rljC0,n
0,0 � �
1�n�2n � 1��n�k1 rlj�, rj � rlj. (4)

t the next step the scalar coefficients for index � �
can be determined from formulas

k1 rljC0,n
0,1 � n�n
1�k1 rlj� � �n � 1��n�1�k1 rlj�, (5)

k1 rljC0,n
0,1 � �
1�n
1�n�n
1�k1 rlj� � �n � 1��n�1�k1 rlj��,

(6)

espectively, for downward and upward translations.
From the first additional formula for scalar coeffi-

ients11 taken for � � � � 0, we have

Cm�1,n
m�1,� �

k1 ZljCm,n�1
m,�

2n � 3
�

k1 ZljCm,n
1
m,�

2n � 1
� Cm,n

m,�.

fter further substituting m � 0, � � 1, �lj � 180°,
nd Zlj � rlj cos �lj � 
rlj into the above relation, it
ecomes

C1,n
1,1 � C0,n

0,1 � k1 rlj� C0,n�1
0,1

2n � 3
�

C0,n
1
0,1

2n � 1� . (7)

or the upward translation we have, correspond-
ngly,

C1,n
1,1 � C0,n

0,1 � k1 rlj� C0,n�1
0,1

2n � 3
�

C0,n
1
0,1

2n � 1� . (8)

sing formulas for C0,n
0,1, C0,n�1

0,1 , and C0,n
1
0,1 and re-

urrence relations for spherical Bessel functions, we
btain, for the scalar coefficients with index m � 1
nd angle �lj � 180°,

C1,n
1,1 �

�2n � 1��n�k1 rlj�

�krlj�
2 . (9)

or �lj � 0°, this formula becomes

C1,n
1,1 � �
1�n
1 �2n � 1��n�k1 rlj�

�krlj�
2 . (10)

rom the third recurrence formula for scalar coeffi-
ients11 taken at index � � 2, we find for the down-
ard translation ��lj � 180°�

C1,n
1,2 � 3� n � 1

2n � 1
C1,n
1

1,1 �
n � 2

2n � 3
C1,n�1

1,1 � . (11)
514 APPLIED OPTICS � Vol. 43, No. 29 � 10 October 2004
or the upward translation ��lj � 0°� we can use a
ore simple relationship:

C1,n
1,2�0°� � �
1�nC1,n

1,2�180°�. (12)

he coefficients for indices � � 2, 3, . . . , �max and
lj � 180° can be found from the formula

C1,n
1,� �

2� � 1
� � 1 � �

2� � 1
C1,n

1,�
2 �
n � 2

2n � 3
C1,n�1

1,�
1

�
n � 1

2n � 1
C1,n
1

1,�
1� , (13)

hich is derived from the same equation11 that was
sed above. For the upward translation it is conve-
ient to use the simple relationship

C1,n
1,��0°� � �
1�n��C1,n

1,��180°�. (14)

rom additional Mackowski’s formulas11 for vector
ranslation coefficients Am,n

�,� and Bm,n
�,� taken at m �

� 1, � � � � 0, n � 1, 2, . . . , nmax, � � 1, 2, . . . ,
max, and �lj � 180°, we have

A1,n
1,� � C1,n

1,� � k1 rlj� �n � 2�
�n � 1��2n � 3�

C1,n�1
1,�

�
�n � 1�

n�2n � 1�
C1,n
1

1,� � , (15)

B1,n
1,� � 
ik1 rlj

C1,n
1,�

n�n � 1�
(16)

nd, correspondingly, for �lj � 0°:

A1,n
1,� � C1,n

1,� � k1 rlj� �n � 2�
�n � 1��2n � 3�

C1,n�1
1,�

�
�n � 1�

n�2n � 1�
C1,n
1

1,� � , (17)

B1,n
1,� � �ik1 rlj

C1,n
1,�

n�n � 1�
. (18)

he relations between coefficients at two opposite
hifts of the coordinate system l relative to the system
are as follows:

A1,n
1,��0°� � �
1�n��A1,n

1,��180°�, (19)

B1,��0°� � 
�
1�n��B1,��180°�. (20)
1,n 1,n
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or the calculation of multipole coefficients cnm, dnm
f the scattered field, we first determine the un-
nowns tvm, uvm from the system of equations15

�
�
��1

�max

t�mT1,m,�
A � u�mU1,m,�

B � a1mn1 i

�
��1

�max

t�mT2,m,�
A � u�mU2,m,�

B � a2mn1 i

.......................................................

�
��1

�max

t�mTnnax,m,�
A � u�mUnnaxm,�

A � annaxmn1 i

�
��1

�max

t�mT1,m,�
B � u�mU1,m,�

A � b1mn1 i

�
��1

�max

t�mT2,m,�
B � u�mU2,m,�

A � b2mn1 i

.......................................................

�
��1

�max

t�mTnnax,m,�
A � u�mUnnax,m,�

A � bnnaxmn1 i

, (21)

here

Tn,m,�
A � Am,n

m,����n�ka1���n�k1 a1� � Q�
r�n�k1 a1��

� n1�n�ka1����n�k1 a1� � Q�
r��n�k1 a1���, (22)

Un,m,�
B � Bm,n

m,����n�ka1���n�k1 a1� � Q�
s�n�k1 a1��

� n1�n�ka1����n�k1 a1� � Q�
s��n�k1 a1���, (23)

Tn,m,�
B � Bm,n

m,��n1��n�ka1���n�k1 a1� � Q�
r�n�k1 a1��

� �n�ka1����n�k1 a1� � Q�
r��n�k1 a1���, (24)

Un,m,�
A � Am,n

m,��n1��n�ka1���n�k1 a1� � Q�
s�n�k1 a1��

� �n�ka1����n�k1 a1� � Q�
s��n�k1 a1���, (25)

Q�
r �

n1����k1 a2����k2 a2� � n2���k1 a2�����k2 a2�

n2���k1 a2�����k2 a2� � n1����k1 a2����k2 a2�
,

(26)

Q�
s �

n2����k1 a2����k2 a2� � n1���k1 a2�����k2 a2�

n1���k1 a2�����k2 a2� � n2����k1 a2����k2 a2�
.

(27)

ere a1 and a2 are radii of the host and inclusion
articles, respectively; n1 and n2 are their refractive
ndices; k and k2 denote wave numbers of the outer

edium and inclusion; �n and �n are Riccati–Bessel
unctions of the third and fourth kinds; and primes
enote derivatives. After the unknowns t , u are
�m �m
ound, the multipole coefficients cnm, dnm of the scat-
ered field Esca can be found with formulas

cnm �
1

n1�n
2�ka1�

� �
��1

�max

� t�mTn,m,�
A

��n�ka1�

�n�ka1�
� n1����n�k1 a1� � Q�

r��n�k1 a1��

��n�k1 a1� � Q�
r�n�k1 a1��

�
u�mUn,m,�

B

��n�ka1�

�n�ka1�
� n1����n�k1 a1� � Q�

s��n�k1 a1��

��n�k1 a1� � Q�
s�n�k1 a1��

�
� anm

�n�ka1�

�n�ka1�
, (28)

dnm �
1

�n
2�ka1�

� �
��1

�max

� t�mTn,m,�
B

n1

��n�ka1�

�n�ka1�
�

���n�k1 a1� � Q�
r��n�k1 a1��

��n�k1 a1� � Qn
r�n�k1 a1��

�
u�mUn,m,�

A

n1

��n�ka1�

�n�ka1�
�

���n�k1 a1� � Q�
s��n�k1 a1��

��n�k1 a1� � Q�
s�n�k1 a1��

�
� bnm

�n�ka1�

�n�ka1�
, (29)

aken at m � 1.
For calculations of these coefficients at m �
1, we

se simple relations:

cn,
1 � n�n � 1�cn,1, (30)

dn,
1 � 
n�n � 1�dn,1. (31)

inally, the backscattering cross section d��d� and
xtinction cross section �ext

11,15 are given by

d�
d�

�
�2

4�2 ��
n�1

	

inn�n � 1��cn,1 � dn,1��2

, (32)

�ext � 

2�
k2 Re	�

n�1

	

n�n � 1�in�1�c*n,1 � �
1�n�1cn,1

� �
1�n�1dn,1 � d*n,1�
 . (33)

he last two formulas also give us the opportunity to
ompare results obtained by upward-looking lidar
incident wave Einc,1, see Fig. 1� with data received by
ownward-looking lidar radiating incident wave
inc,2 in the opposite direction. The backscattering

oefficients for these two situations will be different,
hereas the extinction coefficients will be the same,

.e., � � � . This fact is proved in Appendix A.
ext,2 ext,1

10 October 2004 � Vol. 43, No. 29 � APPLIED OPTICS 5515
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. Simulation Results

e have computer coded the above equations, and we
iscuss the simulation results below. Our main fo-
us is to attempt to understand the scattering prop-
rties of combined hydrometeors, consisting of a
pherical host and a spherical inclusion, and how
hese may be revealed in lidar experiments. For de-
cribing the optical signal detected by lidar, the op-
ical parameters that are commonly considered are
ackscattering � and extinction � coefficients and
heir ratio, R � ���, known as a lidar ratio. These
uantities are the main scattering parameters that
e will evaluate by the simulation. The main ques-

ions that we address in our study are how the par-
icle scattering properties depend on the inclusion
ize, on its location inside the host, and on their re-
ractive indices. We will further simplify the ques-
ion by assuming that the refractive index of the host
n our calculations is set to mh � 1.348 
 i0, which
orresponds to pure water at 355 nm, whereas the
efractive index of the inclusion may be higher or
ower than that of the host. We will use mi � 1.45 

0 and mi � 1.25 
 i0 to represent the situations
hen mi � mh �dust particles� and mi � mh �biolog-

cal particles�, respectively. The case of special in-
erest here is a water droplet with an ice inclusion;
he corresponding value of the refraction index is

i � 1.324 
 i0.17

Our computer program allows for computations for
pheres with size parameters of as large as �1000.
n the simulation, computation time increases with
ize parameter approximately as x4, and computation
ime �for a typical scenario considered below� at x �
000 took more than a week on a 2.3-GHz personal
omputer. Understandably, we usually limited our
omputations to x � 500. Simulation results for
mall size parameters were compared with those
rom Mackowski,11 and, for an inclusion located in
he center of the host, results were compared with a
oncentric spheres code.3 In both cases the results
roved to be in agreement with existing programs.

. Dependence of Scattering Properties on Inclusion Size

o evaluate the dependence of particle scattering pa-
ameters on an inclusion relative radius �� defined
ere is the ratio of the radius of the inclusion to the
adius of the host particle a2�a1�, we first consider the
ondition in which the inclusion is attached to the top
r bottom of the host, i.e., � �  ! �1. Here  �
rlj�a1�cos �lj � �rlj�a1 is an inclusion relative shift
rlj is the distance between the host and the inclusion
enters�,  � 1 corresponds to an infinitely small
nclusion attached to the top of the host sphere, and
� 
1 when the inclusion is at the bottom. So

hanging � from 0 to 1 corresponds to the following:
he small inclusion starts near the top of the host
article and increases in size, until it fills the entire
ost sphere. To some extent, such geometry corre-
ponds, for example, to the case of an ice sphere melt-
ng while the unmelted floating core stays near the
op of the water particle.
516 APPLIED OPTICS � Vol. 43, No. 29 � 10 October 2004
This configuration is illustrated by Fig. 2, in which
he calculations are performed for x � 4, mi � 1.45,
nd � �  � 0.995. Dashed lines show � and �
alues for homogenous spheres with refractive indi-
es 1.348 and 1.45. Solid and dashed–dotted curves
re simulated values for inclusion nuclei that start at
he top and gradually fill the host particle. At a
mall inclusion radius the particle extinction is de-
ermined by the refractive index of the host sphere.

ith � increasing, the extinction is enhanced, and,
nally, when the inclusion fills the whole sphere,
xtinction is practically that of the inclusion itself.
he backscattering coefficient is changed in a similar
anner, though it is more oscillatory.
For large particles the picture becomes more com-

licated as shown in Fig. 3. This figure shows the
ependence of the same parameters for x � 200 �the
ize parameter x of the host sphere is chosen not to
oincide with one of the morphology-dependent reso-
ances�. Both � and � are normalized to the corre-
ponding values of the host particle without an
nclusion. Such normalization allows one to com-
are the effect of an inclusion on scattering properties
f host particles with different size parameters.
urves are shown for the inclusion fixed to the top

solid curve� or bottom �dotted curve� of the host
phere, and the dashed–dotted curve represents the
esults obtained for a concentric spheres model.
alculations are performed with a step of "� � 0.01.
notable result is the fact that ���� is not dependent

n where the inclusion is fixed �top or bottom� in the
ost particle; the curves coincide perfectly. We have
lso shown that this is true in the derivation we
resent in Appendix A. For big spheres without ab-
orption, the extinction deviates slightly from 1 and is
ot too sensitive to changes in �. The dependence of
on �, however, is complicated because of numerous

esonance effects.
To further investigate the dependence of � on � and

o determine the scattering features slowly changing
ith particle size, we performed a simulation for

ig. 2. Extinction and backscattering coefficients as a function of
he inclusion relative radius. The inclusion with mi � 1.45 is
xed near the top of the host sphere with m � 1.348 and size
arameter x � 4. Dashed lines show the extinction and backscat-
ering for the host sphere without an inclusion.
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olydisperse spheres. We assumed a log-normal
istribution for a1 but kept the ratio � the same for all
articles. The size distribution was used in the form

nN�a1� �
1

�2� a1 ln �
exp�
 �ln a1 � ln a1,mean�

2

2 ln2 � � ,

here ln a1,mean is the mean radius of the host sphere
nd ln2 � is the dispersion. We should point out here
hat the choice of the size distribution was not aimed
o match any real atmospheric situation but rather to
nvestigate if we can remove the effects related to

orphology-dependent resonances. The number of
oints inside this distribution was usually taken as
� 30, to keep computation time manageable.
Figure 4 shows the results obtained for a distribu-

ion with xmean � 300 and ln � � 0.1 �x varies be-
ween 200 and 400�. Refractive indices of the host
article and its inclusion are mh � 1.348 and mi �
.45. The calculation step used is "�� 0.02, and the
esults are smoothed over a 0.06 interval. Results
or the same configurations as in Fig. 3 are shown:
he inclusion is fixed to the top or bottom of the host

ig. 3. Relative �a� backscattering and �b� extinction coefficients
s a function of relative inclusion radius. Calculations are per-
ormed for a host sphere with x � 200, mh � 1.348, and mi � 1.45.
he inclusion is fixed to the top �solid curve� or bottom �dotted
urve� of the host sphere. The dashed–dotted curve presents the
esults obtained for concentric spheres. The calculation step is
� � 0.01.
phere and for concentric spheres. When the inclu-
ion was located near the top of the host sphere cen-
er, an increase in backscattering of almost 3 orders
f magnitude is observed for � � 0.5. For the inclu-
ion located near the sphere bottom, � � 0.5 resulted
nly in 1 order of magnitude in backscatter enhance-
ent, and the enhancement for concentric spheres is
ot significant. Another interesting result is the
act that the change in extinction of the combined
article did not exceed 1% for all � values.

. Dependence of Scattering Properties on Refractive
ndex

o study the effect of the refractive index, we per-
ormed calculations for the same geometrical consid-
rations but for inclusions with refractive index mi �
.25 �Fig. 5�. Dramatically different results are ob-
ained in that the maximum enhancement in back-
cattering occurs when the inclusion is located near
he bottom of the host sphere and � ! 0.85. For the
ase of an inclusion set at the top of the host particle,

ig. 4. Dependence of relative �a� backscattering and �b� extinc-
ion coefficients on the inclusion relative radius. The inclusion is
xed to the top �solid curve� or to the bottom �dotted curve� of the
ost particle, and the dashed–dotted curve shows the result for
oncentric spheres. Calculations are performed for log-normal
istribution of host spheres’ radii with xmean � 300 and ln � � 0.1.
efractive indices of the host particle and inclusion are mh � 1.348
nd mi � 1.45, respectively. The calculation step is "� � 0.02,
nd the obtained results are smoothed with a 0.06 averaging in-
erval.
10 October 2004 � Vol. 43, No. 29 � APPLIED OPTICS 5517
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easurable backscatter enhancement is observed for
� 0.5 and with no or even a decrease in backscatter

or larger inclusions. The normalized extinction is
lose to 1, hence the relative lidar ratio R ! 1��; i.e.,
he relative lidar ratio differs strongly for an inclu-
ion located near the top or bottom of the host sphere.
his suggests that the lidar ratio for such particles �to

he extent they are applicable� will be different for
easurements performed from the ground and from

n aircraft.
Figures 4 and 5 dealt with only two values of mi,
hereas in Fig. 6 we show a simulation for varying
i for top �mi � mh� and bottom �mi � mh� inclusion

ocations, where maximum backscattering en-
ancement is observed. The results may be sum-
arized as follows. For mi � mh, the maximum

ackscattering enhancement is observed at � ! 0.5
or all mi tested. It is interesting to note that the
aximal backscattering enhancement �relative � !

50� corresponds to mi � 1.4 and slightly decreases
ith increase in mi. But, for the case of mi � mh,
ackscattering is enhanced at � ! 0.8 for all mi in
he range 1.15–1.3 and increases with decreasing

i, reaching a maximum value of � ! 1200 at mi �
.15.
The dependence of maximal backscattering on the

nclusion refractive index is nicely summarized in
ig. 7. Note that the highest backscattering en-
ancement is obtained for mi � 1, which corresponds
o an air bubble inside the water sphere. For mi �
.4, the maximum value of backscattering enhance-
ent does not change significantly.
A comparison of these results with those from

oncentric sphere geometry for scenarios similar to
hose in Fig. 6 yields interesting conclusions �Fig.
�. For m � m , the maximums in backscattering

ig. 5. Dependence of relative backscattering on the inclusion
elative radius. The inclusion is fixed to the top �solid curve� or to
he bottom �dotted curve� of the host particle, and the dashed–
otted curve shows the result for concentric spheres. Calcula-
ions are performed for log-normal distribution of host spheres’
adii with xmean � 300 and ln � � 0.1. Refractive indices of the
ost particle and inclusion are mh � 1.348 and mi � 1.25, respec-
ively. The calculation step is "� � 0.02, and the obtained results
re smoothed with a 0.06 averaging interval.
i h
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re centered at � ! 0.5 and, for mi � mh, the center
s shifted to � ! 0.8. These results are in agree-

ent with those discussed in Ref. 3 for melting ice
pheres. In contrast to the nonconcentric model,
he relative � enhancement for concentric spheres
s lower, though the peaks are wider. The differ-

ig. 6. Dependence of relative backscattering on the inclusion
elative radius for �a� mi � mh and �b� mi � mh. The inclusion is
xed to the �a� top or �b� bottom of the host particle. Host spheres’
adii are log-normal distributed with xmean � 200 and ln � � 0.1.
he calculation step is "� � 0.02, and the obtained results are
moothed with a 0.06 averaging interval.

ig. 7. Dependence of maximal relative backscattering on the
nclusion refractive index. Host spheres’ radii are log-normal dis-
ributed with x � 200 and ln � � 0.1.
mean
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. Dependence of Scattering Properties on Vertical
isplacement of the Inclusion

n this subsection we present the results of numerical
imulations performed to understand how a vertical
hift in the position of the inclusion of constant size
nfluences the particle scattering properties. The
ependence of backscattering and extinction coeffi-
ients on the relative inclusion shift for � � 0.1 and

i � 1.45 is presented in Fig. 9. The calculations in
he figure are performed for a single sphere with x �
00 and a calculation step of " � 0.01. The depen-
ence � on the relative shift is symmetric relative to
he center of the host sphere. This is in agreement
ith previous statements and the results shown in
ppendix A.
The behavior of backscattering is, however, com-

licated by morphology-dependent resonance effects.
ere again we consider a distribution of sizes to see
ow it affects these resonances �Fig. 10�. The calcu-

ations are made for inclusions with relative radii of
� 0.1, 0.5, and 0.8 and a log-normal distribution of
ost spheres with mean radii of xmean � 300 and ln
� 0.1. Refractive indices of the host particle and

nclusion are mh � 1.348 and mi � 1.45, respectively,
nd a calculation step of " � 0.02 is used. The
esults plotted in Fig. 10 are smoothed over a 0.06
veraging interval. Similar to our earlier results
see discussion of Fig. 4�, backscattering is most sen-
itive to the translation when the inclusion relative
adius is of � � 0.5 and reaches a maximum when the
nclusion is located near the top of the sphere. When
he inclusion is located near the bottom of the host
phere, the relative backscattering increases but not
s much as when it is located at the top.
Figure 11 shows the dependence of backscatter on

he relative shift � � calculated at a slightly smaller
efractive index, mi � 1.25, for the same values of

ig. 10. Dependence of particle relative backscattering on the
nclusion shift for inclusion relative radii of 0.1 �solid curve�, 0.5
dotted curve�, and 0.8 �dashed–dotted curve�. Computations are
erformed for log-normal distribution of host spheres’ radii with
mean � 200 and ln � � 0.1. Refractive indices of the host particle
nd inclusion are mh � 1.348 and mi � 1.45. The calculation step
s " � 0.02, and the obtained results are smoothed over a 0.06
veraging interval.
ig. 8. Relative backscattering as a function of the relative inclu-
ion radius calculated for concentric spheres with mi � 1.15
dashed–dotted curve�, 1.25 �solid curve�, 1.45 �dotted curve�, and
.55 �dashed–dotted–dotted curve�. The calculation step is "� �
.02, and the obtained results are smoothed with a 0.06 averaging
nterval.
ig. 9. Dependence of relative �a� backscattering and �b� extinc-
ion on the relative inclusion shift. Calculations are performed
or monodisperse spheres with x � 200, � � 0.1, mh � 1.348, and

� 1.45. The calculation step is " � 0.01.
10 October 2004 � Vol. 43, No. 29 � APPLIED OPTICS 5519
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nclusion relative radii as in Fig. 10. In contrast to
ig. 10, the behavior of the curves changes; the max-

mum relative backscattering is observed for an in-
lusion with � ! 0.8 located near the bottom of the
article.

. Application to a Case of a Water Droplet Containing
n Ice Nuclear

s mentioned above, a case of special interest is a
ater sphere containing an ice inclusion. Two phys-

cal arrangements we have considered above are �i�
he relative size of the ice and water mass and �ii� the
ocation of the ice inclusion within the water drop.
ere we first deal with the dependence of relative
ackscattering on the relative radius of the inclusion
or an ice-water-mixed drop �Fig. 12�. The figure
hows the backscatter when the ice core is fixed to the
op �solid curve� or to the bottom �dashed curve� of the
ost water sphere and the relative backscatter ob-
ained for concentric spheres �dashed–dotted curve�.
alculations are performed for a log-normal distribu-

ion of the host spheres’ radii with xmean � 400, ln ��
.1, and mi � 1.324. Note that the refractive index
f ice is lower than that of water, and, just as with the
esults of the previous section, the maximum back-
cattering is observed for an inclusion of � ! 0.85
ocated near the bottom of a water sphere. Approx-
mately a 50-fold enhancement in backscattering ob-
erved is limited to a narrow region of relative radius.
or the inclusion located near the top of the host, the
ackscattering is characterized by an oscillating
rend with smaller enhancements.

As we have already mentioned, the lidar ratio
quals R ! 1��. For big ice inclusions �� ! 0.8�, this
atio is strongly decreased for the inclusion located
ear the bottom and increased for inclusions near the
op of the water sphere. The translation of the in-

ig. 11. Dependence of particle backscattering on the inclusion
hift for inclusion relative radii of 0.1 �solid curve�, 0.5 �dotted
urve�, and 0.8 �dashed–dotted curve�. Computations are per-
ormed for log-normal distribution of host spheres’ radii with
mean � 200 and ln � � 0.1. Refractive indices of the host particle
nd inclusion are mh � 1.348 and mi � 1.25, respectively. The
alculation step is " � 0.02, and the obtained results are
moothed with a 0.06 averaging interval.
520 APPLIED OPTICS � Vol. 43, No. 29 � 10 October 2004
lusion from the bottom to the top changes strongly
he particle scattering properties, so the measure-
ents of the lidar ratio of such a combined particle

an, in principle, provide information about its struc-
ure.

In Fig. 13 we show the dependence of the relative
ackscatter enhancement as a result of the relative
isplacement of the ice inclusion from the center of
he host particle for three distinct relative radius
alues �� � 0.1, � � 0.5, and � � 0.85�. A general
tatement that can be made is that the smaller the
nclusion, the smaller the enhancement, and it occurs
t large displacements from the center. On the
ther hand, a large ice inclusion has little room for

ig. 12. Dependence of relative backscattering on the inclusion
elative radius for an ice-water-combined particle. An ice sphere
s fixed to the top �solid curve� or to the bottom �dotted curve� of the
ost water sphere, and a dashed–dotted curve shows the result
btained for concentric spheres. Calculations are performed for
og-normal distribution of host spheres’ radii with xmean � 400 and
n � � 0.1. The calculation step is "� � 0.02, and the results for
idar ratio are smoothed with a 0.06 averaging interval.

ig. 13. Dependence of particle relative backscattering on the ice
phere relative shift for � � 0.1 �solid curve�, 0.5 �dotted curve�, and
.85 �dashed–dotted curve�. Computations are performed for log-
ormal distribution of host spheres’ radii with xmean � 400 and ln
� 0.1. Refractive indices of the host particle and inclusion are
� 1.348 and m � 1.324. The calculation step is " � 0.02.
h i
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isplacement from the center but has the largest
ackscatter enhancement.
In nature, an ice–water mixture occurs during the
elting of a hail particle or snowflake as it falls and

asses through increasingly warmer temperature
ayers. This is commonly recognized in radars as a
arrow bright-band region.18 One factor for the
right-band observations in radars is the fact that
nough water has melted to coat the ice in sufficient
epth, as the low-density snowflakes melt and collapse
o form drops and scatter as equivalent-sized water
rops. Figure 14 shows the vertical profile of the scat-
ering ratio �the ratio of the full backscattering to the
olecular one� obtained from Raman lidar sounding of
snow cloud. The temperature profile was simulta-
eously measured with the sonde. The data were col-

ected by the NASA scanning Raman lidar during the
hird Convection and Moisture Experiment in 1998 at
ndros Island, the Bahamas, during the passage of
urricane Bonnie.19 The experiment site was under a
tratiform rain event that lasted several hours when
he data were recorded. The strong scattering by
arge snow aggregates immediately above the melting
ayer �z � 5 km� results in a relative signal enhance-

ent, and it goes down for z� 5.5 km because of strong
ttenuation by snowflakes.
However, the interesting phenomenon occurs just

elow this signal maximum, where the snow starts to
elt and gets coated with water. A backscatter in-

ensity minimum occurs in this melting layer region,
here the hydrometeors are ice–water mixtures. It

s on this region, in which snowflakes have suffi-
iently melted to form water-coated particles, that we
ocus. As the snowflakes melt, they collapse in size,
esulting in a decrease in the backscattered lidar
ignal, reaching a minimum, before starting to in-
rease. This increase may occur in the region in
hich wet snowflakes have collapsed into mixed-
hase raindrops.
At the initial stage of the melting the nuclear may be

ocated near the bottom because of air flow. The com-
utations performed above show that backscattering

ig. 14. Vertical profiles of temperature and scattering ratio il-
ustrating lidar bright- and dark-band phenomena.
t such a geometry may be enhanced. When the nu-
lear becomes rather small, it may float to the top, and
ackscattering is decreased. So the decreasing of nu-
lear size and its shift from the bottom to the top may
esult in the feature similar to the bright band shown
n Fig. 14 at altitude interval 3.5–4.5 km. It may be
rue that the ice–water mixture in a falling drop may
ot have the simple geometrical symmetry we have
ssumed but rather follows a complex mixture. Nev-
rtheless, understanding the scattering patterns even
n these simple geometrical formulations is important
nd can lead to further insights about the interaction
f laser light with water–ice mixtures.

. Conclusion

he extensive computer simulations were performed
o understand the combined particles’ backscattering
roperties as a function of inclusion location for dif-
erent values of refraction index in the frame of the
ccentric spheres model. The obtained results may
e summarized as the following: Spherical inclu-
ions with mi � mh strongly increase backscattering
hen located near the host particle bottom; the rel-
tive inclusion radius corresponding to the maximal
is � � 0.8. For mi � mh the backscattering en-

ancement is observed for the top inclusion location
t � � 0.5. This � enhancement is specifically re-
ated to the eccentric inclusion location, whereas in
he concentric geometry the backscattering increase
s much smaller. The particle extinction does not
epend significantly on inclusion position, so the rise
f backscattering should be accompanied by a de-
rease of the lidar ratio. It is interesting that the
idar ratios should be different when measuring is
one from aircraft and from the ground.
Though the study of microphysical processes in

louds with lasers implies calculations performed
ith size parameters in excess of 1000, to keep com-
utation time manageable, we used in most cases
mean � 300. But in some specific cases we per-
ormed the computations also with xmean � 500 to
ake sure that the main observed features are pre-

erved and do not depend significantly on particle
ize. Thus we are convinced that simulations are
epresentative of real atmosphere phenomena and
an be used to get an insight into the microphysical
rocesses involving aerosol and clouds.
The developed computer code was applied to the

imulation of scattering properties of melting ice
pheres; we thus tried to get some understanding of
idar bright- and dark-band phenomena. The results
emonstrate that the shift of the ice nuclear along the
axis leads to the strong variations in the light back-

cattering coefficient and, in principle, may be respon-
ible for the experimentally observed scattering
nhancement. The analyzed model is rather ideal-
zed to describe the real situation. We do not consider
he deformation of the water droplet and possible
ovement of the inclusion around inside the drop due

o drag-induced internal circulations. The ice nuclear
s suggested to be spherical, though in reality it is of
omplicated shape. Nevertheless, we can see a kind
10 October 2004 � Vol. 43, No. 29 � APPLIED OPTICS 5521
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f resemblance between the results of experimental
easurements and our simulations. It may demon-

trate the importance of eccentric nuclear position in
he mechanism of lidar bright- and dark-band forma-
ion.

ppendix A

he extinction cross section is11

�ext � 

1

2k2E0
2 Re��

n�1

	

�
m�
n

n n�n � 1�
Knm

2 �anmc*nm

� a*nmcnm � b*nmdnm � bnmd*nm�� , (A1)

here

Knm � �2n � 1
4�

�n � m�!
�n � m�!�

1�2

.

artial expression at fixed m is equal to

�ext,m � 

1

2k2E0
2 Re��

n�1

	 n�n � 1�
Knm

2 �anmc*nm � a*nmcnm

� b*nmdnm � bnmd*nm�� . (A2)

his can be written in matrix form:

�ext,m � 

1

2k2E0
2 Re�BTNC* � BT*NC�, (A3)

here N is a diagonal matrix of size 2Nmax # 2Nmax
ith elements �n�n � 1���Knm

2 , n � 1, . . . Nmax,
, . . . Nmax; BT � �a1,m, . . . , aN max,m, b1,m, . . . ,
N max,m� is a transpose of a column vector B; C �
c1,m, . . . , cN max,m, d1,m, . . . , dN max,m� is a row vec-
or; and the wave number is k � 2���.

In a similar way, a set of simultaneous equations11

n matrix form is

�B � �C � AT,

��B � ��C � A�T, (A4)

here B � a1,m, . . . , aN max,m, b1,m, . . . , bN max,m, C
c1,m, . . . , cN max,m, d1,m, . . . , dN max,m, T �

1,m, . . . , tN max,m, u1,m, . . . , uN max,m are column vec-
ors, �, ��, �, �� are diagonal matrices of size 2Nmax

2Nmax consisting of Riccati–Bessel functions sim-
lar to matrix N, and A and A� are square matrices
ontaining constant coefficients at unknowns tn,m,
n,m.
Eliminating T, we have equation C � MB, where
� �A
1� 
 A�
1���
1�A�
1�� 
 A
1��, with A
1 and

�
1 as inverted matrices. Matrix M does not de-
end on angle � at which the incident wave impinges
n the system j, but, for opposite angles �1 and �2 �
80° 
 �1, the corresponding column vectors B1 and
2 are related as

B � DB , (A5)
2 1
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here the diagonal matrix D contains �
1�m�1 in the
pper half and �
1�m in the lower half of its diagonal.
aking into account Eqs. �A3� and �A5�, we conclude

hat for opposite angles �ext,m,1 � �ext,m,2; therefore

�ext,1 � �ext,2. (A6)
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